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Abstract

We study a Schrodinger equation involving a Hamiltonian that is a second-order differential
operator, describes free spin-% particles with both energy signs and a definite mass, and
depends on a parameter G. One obtains the usual Dirac Hamiltonian by setting G = =i,

but for real values of G the one-particle theory developed here possesses an indefinite
metric, so negative energy states have negative normalization. Although the new equation
is not manifestly covariant, it is demonstrated that it can be made invariant under proper
orthochronous Poincaré transformations; it is also invariant under the CPT transforma-
tion and charge conjugation, but not, as we interpret it, under space inversion.

1. Introduction

Foldy (1956) has speculated on the existence of covariant wave equations
whose second quantization requires the opposite of the usual spin-statistics
relation; to illustrate this possibility we consider here and in another paper
(Guertin, 1975b) that is to follow a new equation describing free spin-3 par-
ticles. In this paper we discuss the indefinite metric associated with our equa-
tion when it is interpreted as a one-particle equation, its discrete symmetry
properties, and its invariance under proper orthochronous Poincaré transform-
ations. The next paper will consider the sense in which second quantization is
consistent with Bose statistics.

Gur equation involves a Hamiltonian, A, that is a four by four matrix
depending on a parameter G. This Hamiltonian is also a second-order differ-
ential operator whose square yields the familiar relativistic relation between
the squares of the energy, the momentum, and the mass, so it describes free
particles with both energy signs and a definite mass. If G = 4, it is equal to
the familiar Dirac Hamiltonian that describes spin-3 particles, and the theory
possesses a positive definite metric. On the other hand, for real values of
G+ 0, H also describes spin-% particles but is pseudo-Hermitian; i.e.,

HT =p3Hp,
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and the indefinite metric leads to a negative normalization for negative energy
states, as is the case in the Sakata-Taketani spin-0 and spin-1 theories (Sakata
& Taketani, 1940; see also Heitler, 1943) and their generalizations to arbitrary
spin {(Guertin, 1974, 1975a). In contrast to the Dirac equation, which is invariant
separately under space inversion, time inversion, and charge conjugation, the
new equation, although invariant under CPT and under charge conjugation, is not
separately invariant under either space inversion or time inversion. We are careful
to explain in Section 3 why the metric is required to be indefinite, since one
can always force either a positive definite metric or an indefinite one on a free-
particle Hamiltonian, and also to explain in Section 4 why we do not interpret
the theory as being invariant under space inversion.

Although the new equation cannot be manifestly covariant, it can be made
invariant under proper orthochronous Poincaré transformations, as we discuss
in Sections 5 and 6. If A is any transformation belonging to the proper ortho-
chronous Lorentz group, then the wave function in a manifestly covariant
theory such as that associated with the Dirac equation has the transformation

property
P'(x) = S(AY(A ™)

where § is some matrix that acts only on the discrete indices of . In the

new theory, however, S also depends on the differential operator V, except
when A is a rotation about some space axis. In the next paper, p. 405, we will
demonstrate that when the theory is second-quantized the field and its adjoint
commute for spacelike distances. The reason why this does not contradict the
usual spin-statistics proofs (e.g., Pauli, 1940; Streater and Wightman, 1964)

is that manifest covariance has been one of the assumptions upon which such
proofs have been based.

The treatment in this and the following paper should be regarded only as
the starting point in the construction of a theory describing spin-} bosons,
and it may happen that there is no consistent way in which to introduce
interactions, a matter that is discussed in Section 8. However, if there is such
a way, it will be extremely interesting to learn the physical significance of the
real parameter G that appears in the new equation.

2. The Hamiltonian

We wish to consider the possibility of describing free massive particles by
using as the Hamiltonian the four by four matrix operator

H=(ps +ip)(1 +G)p?[2m +iGp e°p +pzm (2.1)

where the p matrices are formally equivalent to the Pauli matrices but com-
mute with them. Here p = | pland m > 0 is real. Regardless of the momentum
dependence of G one has

H? =E2 (2.22)
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where
E=(p?+m?)l/? (2.2b)

However, in this paper we shall omit a possible momentum dependence of G
and assume that it is a constant. Thus, H is of second order in p = —iVand is
a local operator. For the present G can be any complex number, but in the
next section we shall present arguments to restrict it to certain values.

The coordinate space wave function, Y(x, ), is assumed to satisfy the
Schrodinger equation

i0y/or=Hy (2.3)
with p = —/V. Because of (2.2), ¥ also satisfies the Klein~-Gordon equation
(32/32 — V2 +m?) =0 (2.4)

In fact, for G = i, (2.3) is the Dirac equation, and for G = 0 it has the appear-
ance of the Sakata-Taketani spin-0 equation (Sakata & Taketani, 1940; Heitler,
1943), although it has twice as many components as the latter.

To emphasize that the Hamiltonian (2.1) describes particles of mass
+m having both energy signs, we note that

x=i[H, x]-
= (o3 +ipy)(1 +G*)p/m +iGpyo (2.5)
is such that
x %+ pH ™! = pHE™ (2.6)

Thus (Guertin and Guth, 1973; see also Guth, 1962), the matrix elements of
x exhibit Zitterbewegung in the “charge space” of positive and negative energy
states, and the presence of both signs of the energy requires the dimension of
the Hamiltonian to be twice that of the number of spin degrees of freedom.
Since H has been assumed to be a four by four operator, it must describe
either spin-% particles or spin-0 particles.

Let us stress that the operator p, whose components satisfy

[pi, pjil-=0 (2.72)

is the canonical momentum operator and generates space translations. The
relations

[pi, H]-=0 (2.70)

express the invariance of the Hamiltonian under such translations. The invari-
ance of (2.3) under rotations is assured by demonstrating the existence of an
angular momentum operator J satisfying

i, pjl-=1i % €4k Pk (2.7¢)
i, H]-=0 (2.7d)
Vi Jil-=i % etk (2.7¢)
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and by requiring that under an infinitesimal rotation of magnitude |8 | about
the direction 8 =8/] 0| the wave function transforms into

Y'(x, )= [1 —i0-J}Y(x, 1) 2.8)

The spin is determined by Jin the rest frame, but equations (2.8) alone are not
sufficient to uniquely fix J or to determine the spin; i.e., it is possible to show
that (2.7) allows either spin-% or spin-0. In the former case there is a single
irreducible representation for each energy sign, whereas in the latfer case there
are two such representations.

In order to guarantee that the Hamiltonian (2.1) describes spin-1 particles,
an additional assumption is needed. One may, for example, require that it be
possible to decompose J into an orbital part, x x p, and a spin part, 8, that
commutes with x; this requirement is equivalent to assuming that x transforms
like a three-vector under rotations;i.e., that

Wi, xil-=173 enux (2.9)
k

One finds that when G does not identically vanish, equations (2.7) and (2.9)
require that

J=xxpto/2 (2.10)

and spin 4 is the unique possibility, but that when G = 0 one may have either
(2.10) or

J=xxp

which allows spin-0 particles. To restrict our considerations to spin-4 particles
for all values of G, we may require that the spaces of positive and negative energy
states be separately irreducible; for G # 0 this is equivalent to (2.9), but it is a
stronger assumption than (2.9) when G = 0. Another possible assumption is that
the case G = 0 be consistent with the limit of the more general case as G — 0.

3. The Metric

The reality of the expectation value of any observable @ requires the exist-
ence of a Hermitian metric operator M such that

MO=0tM (3.1)

In particular, (3.1) must be valid when @ is either H, p, or J, but since we are
not requiring x to be an observable, it need not be consistent with (3.1). The
normalization of the wave function is given by

W, o = § d3xpt(x, DMY(x, £) (3.2)
and the expectation value of any observable O by

W, 00m = § d3xyT(x, DMOY(x, 1) (3.3)
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One can demonstrate that for a free particle theory there always exists a
positive definite metric M, and an indefinite metric #;in the latter case
G, Yo is positive if { contains only positive energies and negative if it
contains only negative energies. For example, when G = +iin (2.1), in which
case one has the Dirac Hamiltonian, one may use My =7 and M_= E1H. When
G is real one may use My = p3 £ H and M_ = p,, the same forms one has in
the Sakata-Taketani spin-O and spin-1 theories. But the use of an indefinite
metric with the Dirac Hamiltonian or of a positive definite one with the
Sakata-Taketani Hamiltonian leads to inconsistencies when one second
quantizes the equations in the usual manner. In order that the energy be
positive definite in the second-quantized theory, one must employ Bose
statistics when the metric is indefinite and Fermi statistics when it is positive
definite (e.g., Pauli, 1940). On the other hand, it is also generally assumed
(e.g., Streater & Wightman, 1964) that causality requires either [Y(x, 1),
Y(x', £)]- or [Y(x, 1), Y(x, £)]4 to vanish when the separation of the points
(x, ) and (x, t") is spacelike, an assumption that requires Fermi statistics for
a Dirac field and Bose statistics for a Sakata~Taketani field. Thus, only the
choice M, =1 leads to a consistent second-quantized Dirac theory, and only
the choice M_ = p3 leads to such a Sakata-Taketani theory.

Since we are not at the present time concerned with second quantization
and wish to confine our discussion to the first-quantized theory based on the
Hamiltonian (2.1), it is interesting to note that the acceptable metrics in the
Dirac and Sakata-Taketani theories both satisfy

M, x]-=0 (3.4)

and are thus independent of p. This means that when interactions are intro-
duced there is no difficulty in preserving the relation

MH = HtM (3.5)

whereas if M depends on p in the free-particle case it is by no means obvious
how to define M in the interacting case so that (3.5) is valid. In fact, although
it was not so stated there, this was the author’s main motivation for assuming
the relations (3.4) for the relativistic Hamiltonian theories discussed elsewhere
(Guertin, 1974, 1975).

For the reasons introduced in the preceding paragraph, let us therefore
postulate that (3.4) must be valid for a theory based on the Hamiltonian (2.1).
Then, either (i) G = +/ and M = I, in which case one has the Dirac Hamiltonian
and observables are Hermitian, or (ii) G is real and M = p'y, in which case our
equation (2.3) becomes a candidate for a new spin-4 theory that is not equi-
valent to that of Dirac because of the indefinite metric.

4. Discrete Symmetries

For a theory such as the one established so far to be invariant under space
inversion there must exist a linear operator & such that (Foldy, 1956; Guertin,
1974)
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[y, P]+ =0 (4.1&)
[£,3]-=0 (4.1b)
[, H|.=0 (4.1¢)

Then (2.3) is invariant under space inversion if the wave function  transforms
into

Vix, 0= Fx, 1) (4.2)

In order to have invariance under time inversion there must exist an antilinear
operator .7~ with the properties (Foldy, 1956; Guertin, 1974)

[7, p]+=0 (4.3a)
|7, J+=0 (4.3b)
(7,H]-.=0 (4.3¢)
and, in addition, ¥ must transform into
V'(x, 0= T ¥(x —1) (44)

For the theory to be invariant under charge conjugation one must have an
antilinear operator 4 such that (Foldy, 1956; Guertin, 1974)

[#, pl+ =0 (4.52)
%, J]+ =0 (4.5b)
(%, H]. =0 (4.5¢)
and, furthermore, ¥ must transform into
Y'(x, )= FYx, 1) {4.6)

There is also the possibility of having a theory that is invariant under some
combination of these operations, although not under the individual ones. Thus,
invariance under the CPT transformation (simultaneous charge conjugation
and space-time inversion) results from the existence of a linear operator Z with
the properties

(%, pl+ =0 (4.72)
(%, J]-=0 (4.7b)
[# H).=0 (4.7¢)
provided that y is transformed into
VX ) =ZY(x —1) (4.8)

The square of any discrete symumetry operator should have no physical
effect, However, since quantum mechanics requires only a ray representation,
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one can only conclude that if & is a discrete symmetry operator for the
physical system

F2=¢p (4.9a)

where | ex | = 1. Furthermore, if ¢ is any other symmetry operator for the
system whose physical effect commutes with that of &, then the “equality
up to a phase factor nrg”

FG= ppclGF (4.9b)

is all that quantum theory requires (see, e.g., Wightman, 1960; Wigner, 1964).
If a physical theory of the type being discussed is invariant under space inver-
sion, time inversion, and charge conjugation, one usually postulates that the
corresponding operators are consistent with (4.9). Then (e g., Guertin, 1974)
one can always choose &, .7, and € such that

2 =1 (4.102)
T2 =(-1)¥ (4.10b)
E?= _e(—1)¥ (4.10¢)
ST =TS (4.10d)
TC=+%T (4.10e)
FEC=nCS (4.10f)

where € = +1 or —1 and where n=+1 or —1. There are thus four inequivalent
possibilities, depending on the signs of € and of 7 in (4.10c) and (4.10f), re-
spectively [the two sign possibilities in (4.10e) are equivalent].

It was mentioned in Section 3 that one can always force either a positive
definite metric or an indefinite metric on a free-particle theory of the type
under discussion, but in general neither commutes with x. Similarly, one can
always find four inequivalent sets of operators &, .7, and € satisfying the
properties (4.1), (4.3), and (4.5), each set being consistent with one of the four
possibilities allowed by (4.10). However, in general none of these sets will be
such that

[y,x}-;-zo (4.113)
[7,x}-=0 (4.11b)
[#,x]-=0 (4.11¢)

the properties required if x is to transform like a vector. We earlier rejected a
metric that did not commute with x because it is not clear how property (3.1)
could continue to be satisfied when interactions are introduced. Similarly, it is
difficult to see how the relations (4.1), (4.3), and (4.5) can be maintained in
the presence of interactions if (4.11) is not valid. We shall therefore postulate
(as in Guertin, 1974) that a necessary and sufficient condition for (2.3) to be
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invariant under space inversion is the existence of a space inversion operator

S satisfying (4.1) and (4.11a). Likewise, we assume that (2.3) is invariant

under time inversion if and only if there exists a time inversion operator.7~
satisfying (4.3) and (4.11b). In addition, we state that a necessary and suf-

ficient condition for (2.3) to be invariant under charge conjugation is the

existence of a charge conjugation operator € with the properties (4.5) and (4.11c¢).
Finally, we assume that (2.3) is invariant under CPT if and only if there exists a
CPT operator # with the properties (4.7) and

[#,x]+=0 (4.12)

Let & be the familiar operator that anticommutes with x and with p, but
which commutes with o and with the p matrices. Then

R=pP (4.13)

has all the required properties to be a CPT operator. It has been shown (Guertin,
1974) that a Hamiltonian theory with the metric M = or the metric M= p5
always possesses a charge conjugation operator €. Let k be the operator that
takes the complex conjugate of all expressions standing to the right of it and
let
c=exp(—in 04/2) (4.14)

Then

FW =p,ck (4.15a)
has the required properties if and only if M =17 and

€D =pck (4.15b)

has them if and only if M= p3.
For the Dirac Hamiltonian, in which case G = ziand M = I, the properties
{4.3) and (4.11Db) are satisfied by

g =cx (4.16)

so 7 is a time inversion operator for the Dirac equation; one also finds that a
space inversion operator consistent with {4.1) and (4.11a) is

SO =dp, P 4.17)

For real values of G # 0, no operators & and 7 that are consistent with (4.1),
(4.3), and (4.112) and (4.11b) exist, so the theory does not meet our criteria
for invariance under either space or time inversion. However, from the invari-
ance under both charge conjugation and the CPT transformation, we know
that the theory is invariant under simultaneous space-time inversion. An
appropriate operator is

F=Pex (4.18)
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We also note that for G = 0, when ¢ does not appear in the Hamiltonian, the
properties (4.1), (4.3), and (4.11a, b) are satisfied by J in (4.16) and

AOEY (4.19)

One can rule out space inversion and time inversion invariance for the case
G = 0 by requiring that it be consistent with the limit of the more general case
as & =~ 0 through real values.

One could rescue the space and time inversion invariance of the theory for
real values of & # 0 by allowing a “parity doubling” to 4(2J + 1) components
(for a discussion of how “parity doubling” can occur in a manifestly covariant
theory, see, e.g., Hurley, 1971, 1974). Since such a procedure leads to other
complications we shall not adopt it.

5. Invariance under Proper Orthochronous Poincaré Transformations

One can assure the invariance of the theory discussed so far under trans-
formations belonging to the proper orthochronous Poincaré Group, %, if
there exists a boost operator K such that (Foldy, 1956; Guertin, 1974)

[pi, Kj]- = ~10uH (5.1a)
[H, Ki]- = —ip; (5.1b)
Vi, Kil- =i 2 enKa (5.1¢)
[Ki, Kj]-= —l'kz eijik (5.1d)
and, furthermore, g
K =MKM (5.22)
(%, K +p]-=0 (5.2b)
[#,K]+=0 (5.2¢)

In addition, if operators & and .7~ having the properties introduced in the
preceding section exist, it is required that
[#,K]: =0 (5.3a)
[T, K+1p]-=0 (5.3b)

Then (2.3) is invariant under Lorentz boosts provided that under an infinitesimal
boost determined by the real vector A the wave function transforms into

U'x, )= (1 +inKWi(x, 1) (5.4)

Note that the general form of the wave function Y(x, 7) is determined not
only by the Hamiltonian but also by the particular generator chosen to generate
boosts. If (5.1), (5.2), and also, when applicable, (5.3) do not uniquely deter-
mine K, then one must adopt some additional criteria in order to specify a
unique boost operator.
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Instead of attempting to solve (5.1) for the most general form of K, one
can demonstrate the possibility of basing a #," -invariant theory on the
Hamiltonian (2.1) by demonstrating the equivalence of (2.3) to a Foldy
canonical equation (Foldy, 1956)

ioyF (ot =Hpy¥ (5.5)
where

Hp = psE (5.6)

and where Y is the wave function in the Foldy canonical representation. This
equivalence is established if there exists a generalized Foldy-Wouthuysen
operator W (see, e.g., Foldy and Wouthuysen, 1950; Tani, 1951; Guertin, 1975a)
such that

p= Wpw (5.73)
J=wiw (5.7b)
H= WHpW (5.7c)

These relations do not uniquely determine W, but once one has given some
criteria for doing so one obtains a %, " -invariant theory by requiring that

Y= WyF (5.8)
and then
K= WKW (5.9)
generates Lorentz boosts, where
Kp =3[x, Hply — p3(E + m)! 3oxp —1p (5.10)

is the boost generator in the Foldy canonical representation. In fact, correspond-
ing to any other observable (in our representation there exists an operator O
such that

0= W W (5.11)

In Section 3 we restricted the metric to the two possibilities M =7 and
M = p4 by requiring it to commute with x. Since the normalization of the
wave function and the expectation value of any observable are independent
of the representation, one has

W, Yom = WF, ¥Fom (5.12a)
W, Oy = GF,OrYF i (5.12b)

According to the above
Wt =MWwM (5.13)

so Wis unitary (pseudounitary) if H is Hermitian (pseudo-Hermitian).
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It is easy to write down the most general form for an operator W that
satisfies (5.7) and (5.13). Let us first rewrite the Hamiltonian (2.1) using the
helicity projection operators

As*=3(1 % p) (5.14)
where p = p/p. These operators satisfy
Aﬁp'Ag = Su,u'Af)u (5‘1 5)
Thus, one may write
H=7> H, Ag* (5.16a)
M
where
H:=(p3 +ip (1 + G*)p?/2m = iGpp + p3in (5.16b)

We may therefore write the Foldy-Wouthuysen operator and its inverse in the
forms

W= 2 WyAp" (5.17a)
M

Wt =2 W/lAs* (5.17b)
u

Equations (5.7) and (5.13) are satisfied provided that
We = Qs exp[—i¢: +6:p3)] (5.18)
Wil = expli(¢s +0:p03)] O3 (5.18b)
where 6+ and ¢+ are real functions of p and where
Q=G (E +H:ps) (5.19a)
3 =G (E+p,H-) (5.19b)
172

?... m
T\ EE +m)[(1 +GHE +(1 — Gm]

(5.19¢)

The functions 8:(p) and ¢+{p) must, of course, be consistent with (5.2b)
and (5.2¢) and, when applicable, (5.3), as will be discussed in the next section.
One forces boost invariance on the theory by specifying the forms of these
four functions and then defining the boost operator by (5.9) and the wave
function by (5.8). Note that for the case G = *i and 61 = ¢+ = 0 we have the
familiar Foldy-Wouthuysen operator for the Dirac theory, and that for
G =0+ = ¢. =0 the Foldy-Wouthuysen operator has the same form as the
operator found by Case (1954) for the Sakata~-Taketani Hamiltonian and
generalized by the present author (Guertin, 1975a) to arbitrary spin.
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6. The Boost Generator

The considerations of the preceding section were sufficient to demonstrate
that a &t .invariant free-particle theory can be based on the Hamiltonian (2.1).
In this section we shall discuss the boost generator K, in particular its nonlocal
nature when G is real.

One can obtain the specific form of the boost generator from (5.9), (5.10),
(5.14), and (5.17). The result is

K=3%[x,Hl++T—1p (6.1a)
where
T'=—(1/4p%) % [H, — mWypsW o xp
(imf4p®) S (~DUPRW,p3Woh(p? — o p)
K
~GE/4p?) 3 [WupsWit — Wups(Wi' Y1 [p + (=146 p]p
. (6.1b)
Here we have adopted the convention that if Fis any function of p, then F’
is its derivative with respect to p. For nu =1 or 7 = (—1)A~#/2 one has,

according to {5.18),

% NuWups Wy

= % M exp[—i(dy — ¢—p) {Q‘upgﬂ:}z cos(fy — 6.)—;‘(»1)(1‘*“)!2 SZ“Q:;ﬂ

sin(6,. — 6-)] (6.2a)
Furthermore,

Weps Wi — Wapy(We')
= Qp3 Q07 — Quos(3Y) — 200 — 29 H.E™ (6.2b)

One finds, using (5.19), that

2 (1 =GHE+(1 +GH)m
" e +7 + 2 p— + ._rfl._
Q20385 (p3 tipy)(1 +G?) Yk P3 E {(1 + GZ)E +(1 - GZ)m

G(1 +G2)E — m)p
R+ GHE +(1 — Goym)]

{6.3a)
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. (1 +G2)E - m) ‘ }Gp (1+GHEE + m) — 2G2m?
1193 tipa ot
(1+GHE+(1 — G)m E E[(1+G>E+(1 - GHm]
(6.3b)
(1+GHG
[(1+GHE+(1 ~GHm]

When the conditions (5.2b, ¢) are imposed on K, one finds that ¢ and ¢
must be equal and independent of p and that, in addition,

0, +0.=0 (6.4)

93— Qup3(QF) = Fi (6.3¢)

Then (6.2) and (6.3) simplify to yield, for the various terms in (6.1b),

g [Hy, — mW,p3 W]
P’ p?
=(p3 +ipy)(1 +G?) ot 2pam - {(03 tip)(1+62)

wm? (1 —GHE+(1 +GHm
N {(1 +G2E +(1 — GE)m“ cos (64— 6-)

2Gpm [ (1 + G?)E — m)

o —— 6.5
|3 (1+G2)E+(1—G2)m+lp2} sin(64 — 0-) (6.52)

%(__1)(1'#)/2 Wupswiiz
B i2
E[(1 +GHE+(1 — GYm]

{161 + G*)E — m)p] cos(8+— 6-)

— [(1 + GOE(E +m) — 2G2m?] sin(8, — 02)} (6.5b)
%‘[Wéww ~ Wups(WY1=0 (6.5¢)

(1+G2GE - m)
E[(1+GHE+(1 - GY)m]

g<~1><1"*‘>/2 [Waps Wit — Wapa(WiH)'] = —i2

— 12(0} — 67) (6.5d)

One may, furthermore, verify that if G = i, then either of equations (5.3)
requires 6, and 6_to be equal and independent of p; one thus obtains IT'= 0 in
(6.1a), the usual result for the Dirac theory (Foldy, 1956; Fuschich ef al.
1971; Kolsrud, 1971; Guertin, 1974, 1975a), and the theory is manifestly
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covariant. Thus, the manifest covariance of the Dirac theory is a consequence
of its invariance under the various discrete symmetry operations.?

It is interesting to discuss further the conditions under which the wave function
is manifestly covariant, i.e., those conditions under which the effects of an
infinitesimal transformation belonging to 2,' can always be expressed as the
sum of an operator that acts only on the continuous space-time indices of ¥
and of one that acts only on its four discrete indices that express the spin and
“charge space” degrees of freedom. Under an infinitesimal space translation
by the amount d, the wave function transforms into

V'x, =1 —d-V]y¥(x, 1) (6.6a)

and with the aid of (2.3) we see that the effect of an infinitesimal time trans-
lation by the amount D is to transform ¢ into

Y'(x, = [1 —Ddfor] Y(x, 1) (6.6b)

In each of the above two examples only the space-time indices of  are affected
by the transformation. On the other hand, for an infinitesimal rotation, (2.8)
and {2.10) yield

Y, 0=[1-8-xxV—-i0 (/D] ¥, ) (6.7)

a relation that exhibits the decomposition of the transformation into a part
affecting only the space-time indices and into a part affecting only the discrete
indices. To consider boosts, we first note that (6.1a) may be written in the
form

K=xH - tp+I" (6.8a)
where
I'= —%z’k +T (6.8b)

with X given by (2.5). From (2.3), (5.4), and the above we see that under an
infinitesimal boost ¥ goes into

V'(x, 0= [1 —A-(x 3/t + V) +ia-T'] (x, ) (6.9)

Thus, ¥ transforms in a manifestly covariant manner if I'' depends only on the
o matrices and on ¢. When G = i, inspection of (6.1), (6.4), and (6.5) shows
that necessary and sufficient conditions for manifest covariance are the equali-
ties 8, = 0_and 8% = 0; then T vanishes identically and

I'=%ip, /2

There are no other values of G and 6. that yield manifest covariance. Con-
sequently, if one were to require the manifest covariance of the theory, as is
usually done, only the Dirac equation would survive, and we shall therefore
not impose such a requirement on our new equation.

1 On the other hand, if one postulates manifest covariance instead of invariance under the

various discrete symmetry operators, then operators &, ¢, and 4 consistent with (4.1),
4.3), (4.5), (4.11), (5.2), and (5.3) exist.
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It is, of course, obvious from direct inspection of the Hamiltonian (2.1)
and the Schrédinger equation (2.3) that the theory cannot be manifestly
covariant for real values of G, since it is not symmetric in the space and time
indices. We note that by introducing a six-component wave function ® it is
possible to reexpress (2.1} and (2.3) in the form

Br-—myP@=0 (6.10)

and one might thus hope to obtain a2 manifestly covariant equation, just as one
could obtain the five- and ten-component manifestly covariant Duffin-Kemmer-
Petiau equations of the form (6.10) for spin 0 and spin 1 from the corresponding
Sakata-Taketani Hamiltonians (for this relationship, see Sakata & Taketani,
1940; Heitler, 1943; Fischbach et al., 1972). However, this procedure does not
lead to manifestly covariant equations for real values of G.

It is clear from (6.1b) and (6.5) that I'is generally not a local operator for
real values of G, i.e., not a simple polynomial in the components of p. Can we,
at least for one real value of G, find functions #:(p) and ¢=(p) such that T,
and therefore also K, is a local operator? This would lead to criteria for uni-
quely fixing K, but the author has not been able to find satisfactory functions
8+(p) and ¢x(p) and does not believe it is possible to do so. Thus, if one wishes
to construct a physical theory based on the Hamiltonian (2.1) with real values
of G and the metric operator p3, it appears that one must accept nonlocal
transformation properties under boosts.

The present author has stressed elsewhere (Guertin, 1975a) that the genera-
tor of infinitesimal Poincaré transformations should be defined in the rest
frame of a particle. The Hamiltonian (2.1) is certainly defined in the rest
frame, but what can be said about the boost operator when G is real? Inspec-
tion of (6.1b), (6.4), and (6.5) shows that necessary and sufficient conditions
for

im K
p—0

to exist are the equalities 6 4(0) = 0(0) and 8(0) = 0.(0) = 0.

7. Continuity Equation

Let us investigate the most general form of the continuity equation that
one can obtain from the equation of motion (2.3) using the Hamiltonian (2.1).
Let Uand V be any nonsingular operators that satisfy

[U H}.=[V,H]-=0 (7.1a)
VIMU + UTMY = 2M (7.1b)

After first multiplying (2.3) from the left by (V)TMU + (UY)TMV and then
subtracting the adjoint equation one finds that

dp/dt=—V-j (7.2)
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where

p =3 [(V)TMUY) + (U TM(V )] (7.3)

i=—il(1 + G2)am] [(V9)TM(p3 +ip,)(VUY) + (UYT M(p3 + ip)(TVY)
— (YUY M(ps + ip)(V¥) — (VW) TM(p3 + ip, ) UY))
+{(GI2[(V) ™ Mp a(UY) + (UY)TMpya (V)] (7.4)
Furthermore, the “probability density” (7.2) is consistent with (3.2); i.e.,

J dB3xp(x, 1) =<, ¥in (7.5)

When G = iand U= ¥V =1,(7.3) agrees with the usual result for the Dirac
equation,

pp =¥ty (7.62)
ip=Fipiey (7.6b)

Our requirements have forced the Dirac equation to be manifestly covariant,
50, as is well known, (7.6) gives the components of a four-vector and, as
stressed by Foldy (1956), we can regard pp as a ““charge density” and jp asa
“charge current density.”

For real values of G, (7.5) becomes

p =3V p3(UY) + (U o3V )] (7.72)
i= 11 + G2 am] [(VH)T( +p XVUP) + (UYL +p (VYY)
— (VUG +p )(VY) — (V)T + 0 (UY)]
—(GIDI(V) p20(UY) + (U)o 2oV )] (7.7b)

For a given choice of the generally nonlocal operators U and V that is con-
sistent with (7.1), it may be possible to argue the interpretation of p as a
“probability density” and j as a “probability current density.” However, as
emphasized by Foldy (1956), if we wish to find a “charge density” p and a
“charge current density” j, they must transform as the components of a four-
vector; in general, o and j defined by (7.7) do not possess this property. For a
real value of G, do there exist operators Uand V such that p and j yield a
satisfactory “charge density” and “charge current density”? At the present
time we are unable to answer this question, although it is clear that if the
required U and V do exist, they will depend on G and also upon 8 «(p) and
8_(p), the functions appearing in (6.5).

8. Summary and Discussion

For arbitrary values of G, the four by four matrix operator Hin (2.1)
yields the relativistic relation between the squares of the energy, the momen-
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tum, and the mass of a free particle, and for G # 0 it commutes with the
angular momentum operator J = x x p + /2, but not with x x p alone, Thus,
for G # 0 it is natural to interpret H as a Hamiltonian describing spin-3
particles with both energy signs. However, only when G = i or when G is real
does the theory possess a simple metric that commutes with x; in the former
case one has the usual Dirac Hamiltonian with a positive definite metric and
in the latter case one has a negative normalization for negative energy states.
Therefore, in contrast to the Dirac theory, for which the expectation value of
the Hamiltonian is indefinite, the expectation value of  in the new theory is
positive definite.

If x is required to transform like a vector under any discrete symmetry
operation, then one has invariance under both CPT and charge conjugation.
On the other hand, unlike the Dirac theory, which is invariant separately under
space inversion and under time inversion, the new theory is not. Although the
theory is invariant under proper orthochronous Poincaré transformations, it is
not manifestly covariant, and it does not appear possible to find a boost
generator that is a local operator.

Our analysis for real values of G “has only provided us with the raw material
for the construction of a complete physical theory,” to quote Foldy (1956),
and whether it actually leads to fundamentally new physical predictions de-
pends on whether one can consistently introduce interactions. In particular,
the theory should remain covariant and continue to satisfy

H=p3Hp, (8.1a)

In the case of coupling to an external electromagnetic field, minimal coupling,
although necessary for gauge invariance, does not necessarily yield a covariant
theory when one starts from a free-particle theory that is not manifestly
covariant; additional terms depending on E and B may be required. For
example, the Sakata~Taketani Hamiltonian in an external electromagnetic
field (Sakata & Taketani, 1940; Heitler, 1943) contains terms with §- B,
where 8 is the spin. A significant difference is that the boost operator for the
free particle Sakata-Taketani spin-1 Hamiltonian (Guertin, 1974,.1975a) is a
local operator, whereas in the present case the introduction of interactions is
complicated by the nonlocal nature of the boost generator. In addition, the
Sakata~Taketani spin-1 Hamiltonian in an external field can be obtained
directly from the corresponding manifestly covariant Duffin-Kemmer-Petiau
equation with minimal coupling, whereas we have no manifestly covariant
equation corresponding to our new Hamiltonian.

Even if one can introduce electromagnetic interactions in a covariant and
gauge-invariant manner, we are reminded by Foldy (1956) that the resulting
theories should “give no contradiction to an appropriate causality condition,
such as that physically observable effects are not propagated with a velocity
greater than the velocity of light, at least on a macroscopic scale.” Our
equation is not alone in facing this problem; to date no equation has been
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found that describes the electromagnetic interactions of particles of spin
J= % in a causal manner (see, e.g., Velo & Zwanziger, 1969a, b; Wightman,
1971; Velo, 1972; Shamaly & Capri, 1974).

It should, of course, also be possible to second-quantize the theory with
real values of G in a consistent manner. Because the normalization in the
single-particle theory discussed here is not positive definite and because the
energy is, second-quantization would be inconsistent with Fermi statistics.

In another paper we shall discuss the possibility of using Bose statistics to
second-quantize the free-particle theory.

QOur assumption that x commutes with the metric plays an essential role,
since there exists an equivalence relation between the free-particle Dirac
Hamiltonian and the Hamiltonian for a real value of G. To distinguish between
the various Hamiltonians, let Hp be that for the Dirac theory and Hg that for
a given real value of G, and let Wp and Wg be the corresponding Foldy-
Wcuthuysen operators introduced in Section 3. Then, according to (5.7¢),

Hg =WeWBHpWp Wg (8.2)

However, this transformation carries the positive definite norm
Wp, ¥pdl = BPxypt(x, Dvplx, 1) (8.3a)
into the positive definite norm
W6, ¥edo,bg = J dPxycT(x, HpsHeYo(x, 1) (8.3b)

where
Ve = WeWB¥p (8.4)

The possibility of using the positive definite metric p3H¢ with the Hamiltonian
for a real value of G was mentioned in Section 3. One can similarly show that
under the transformation just introduced the space inversion and time inversion
operators for the Dirac theory are transformed into operators that depend on p.
A possible objection to the approach developed here lies in the difficulty of

interpreting the significance of x, which is a different operator for each value
of G. The operator in the Foldy canonical representation that corresponds to

X in one of our representations, for G = i or G real, is

x=Wixw
=x + {E[(1 +GHE +(1 — GH)m]}! G oX
E+m %P
{L+GHYE+m . G ]
”L—'—E')Eg'—_")mp — iGmpyo == (1 +G2)(E — m)ps +ip2)e
+ (1 +G?)(p3 *+ip )+i9*nlp o pp (8.5b)
R 3 2 E P2 '
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and thus depends on G. In the Dirac theory and in any other theory in which
the boost operator has the form K = 4 [x, H],, (Fuschich et al., 1971; Kolsrud,
1971; Guertin, 1974, 1975a), x is a canonical “position operator,” since it has
the correct transformation properties under boosts (Currie et al., 1963; Durand,
1973), but x for any real value of G in our theory transforms in a complicated
manner, since I'# 0 in (6.1a). However, one also has I 7= 0 in the Sakata-
Taketani spin-1 boost generator and its arbitrary spin generalization (Guertin,
1974, 19754), so x is also not a canonical “position operator” in such theories.
What is the physical significance of G, if it has any? A possible clue is obtained
by introducing minimal coupling into the Hamiltonian (2.1), even though
the result is not covariant. One finds that the “magnetic moment” is propor-
tional to G2, which means that for real values of G it is opposite in direction
to that of a Dirac particle with the same charge, i.e., if the charge of the particle
is positive the magnetic moment is antiparallel to its spin. This might indicate
that our equation describes particles with structure; thus, if the particle has a
positive charge, there might be a concentration of positive charge near its
center and a thin layer of negative charge near its “surface”. Of course, the
extra terms that must be introduced into the equation to obtain covariance,
if it is indeed possible to do so, might yield the usual type of magnetic moment
parallel to the spin for a positively charged particle and antiparallel for a
negatively charged one.
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